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where there is a pressure peak as seen in the theoretical model of
the roller-type structure and recent experimental measurements.12

This supports the idea that the excitation causes a pressure peak in
the mixing layer that induces the roller-type structure.

Instantaneous and average images were also taken for a Mach
2 jet (Mc D 0:85) with no excitation (Figs. 4a–4c) and with laser
excitation (Figs. 4d and 4e) having a delay time of 100 ¹s between
the excitation and imaging pulses. For the unforced case, the de-
crease in mixing layer growth rate is clearly observed compared to
the lower-convective-Mach-numbercase shown earlier. Also there
is no indicationof organizedlarge-scale,roller-typestructures.With
laser excitation, however, a spatially stable, roller-type structure is
observed in the instantaneousand average images with distinct core
(39 § 4% thicker than the unforced case) and braid regions, as ob-
served for the lower-Mach-number case. The convective velocity
measured for this case is 365 m/s for the core and 309 m/s for the
braid region, with an uncertainty of §4 m/s. Again the measured
convectivevelocity from the braid region is closer to the theoretical
convectivevelocityof 297 § 5 m/s, with the measured value slightly
higher as already discussed.

The forcing mechanism for the large-scale structures in the pre-
sent study may be similar to wall heating used to force Tollmien–

Schlichting waves in subsonic boundary layers13 and subsequent
Kelvin–Helmholtz waves in free shear layers.14 Liepmann et al.13

reported that the forcing of the instability can be explained by the
boundary-layermomentum equation and by observing that heating
the surface (for a gas) has the same effect as an adverse pressure
gradient. If the temperature is large enough, this could lead to a lo-
cal region of separation,which may force the large-scale structures
observedin the presentexperiments.Note, however, that the forcing
was not large enough to cause the nozzle to unstart or create strong
shocks, which would have appeared in instantaneousschlieren im-
ages that were taken. Further experiments are needed, however, to
con� rm this explanation.

IV. Conclusion
An innovative method of controlling and forcing the creation of

large roller-type structures in compressible mixing layers is pre-
sented. A laser beam from a pulsed Nd:YAG laser is focused on the
nozzle exit of axisymmetric supersonic jets with Mach numbers of
1.36 and 2, resulting in convectiveMach numbers of 0.63 and 0.85,
respectively. Laser excitation causes a thermal bump at the wall,
which induces the formationof a roller-type structure in the mixing
layer. Instantaneous and phase-averaged images were taken of the
mixing layer to investigatethe ability to induce the large-scalestruc-
ture and measure its characteristics.The convectivevelocitiesof the
core and braid regions of the structure were found to be higher than
the theoreticalvalues. The thicknessof the core region was found to
be from 32 to 38% greater than the shear layer thicknesswithout ex-
citation. Future experimentswill be conducted to verify the mecha-
nism inducingthe formationof the roller-typestructureand to inves-
tigate other excitationbeam geometries and multiple pulse forcing.
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Introduction

I T is generally accepted that, in solving the Navier–Stokes equa-
tions for practical high-Reynolds-number turbulent � ows, the

spatial discretization must contain some sort of numerical dissipa-
tion,eitherimplicitly,as in upwindschemes,or explicitly,throughan
arti� cial dissipation scheme. The dissipation is required to prevent
high-frequencyoscillations, especially when the � ow� eld contains
shock waves, and to provide stability. Dissipation is needed even
in viscous � ows because they are essentiallyunderresolved,that is,
the shortest wavelengths present in the real � ow, which are limited
by viscosity, are generally not resolved using practical meshes.

Several researchers have shown that the popular scalar arti� cial
dissipation scheme1 can be a major source of numerical error, es-
pecially in laminar boundary layers and in drag prediction.2¡4 This
problem is reduced with upwind schemes and matrix dissipation.5

However, the scalar dissipation scheme is inexpensive and easy to
implement.Consequently,some researchershaveproposedscalings
for the scalar dissipation scheme in an attempt to reduce numeri-
cal errors. These include scalings based on local Mach number and
vorticity.6

The purpose of this Note is to examine the effect of the arti� -
cial dissipation scheme on the prediction of lift and drag in thin-
layer Navier–Stokes computations of subsonic and transonic air-
foil � ows. In addition to the matrix dissipation scheme of Swanson
and Turkel,5 we present and evaluate a new scaling of the scalar
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dissipation scheme, which is based on the cell Reynolds number.
Further details of the present study can be found in Ref. 7.

The arti� cial dissipation schemes have been implemented in the
thin-layerNavier–Stokes solver ARC2D.8 This solver uses second-
ordercentereddifferencesin spacethrougha generalizedcurvilinear
coordinatetransformationand is, thus,applicableto structuredgrids.
Convergence to steady state is achieved using the diagonal form of
the Beam and Warming approximate-factorization algorithm with
local time stepping. The Baldwin–Lomax turbulencemodel is used
with Cwk set to 1.0 (rather than 0.25).

Matrix Dissipation Scheme
The matrix dissipationscheme is typically presented through the

connection with upwind schemes. Here we develop the idea in a
slightly different manner. Any difference operator, including one-
sided and biased operators,can be written as the sum of an antisym-
metric component ±a and a symmetric component ±s . The antisym-
metric component corresponds to a centered difference, whereas
the symmetric component provides dissipation.Consider the linear
convection equation given by

@u

@t
C c

@u

@x
D 0 (1)

where c is a real scalar constant. To provide dissipation, the spatial
operator must be applied in the following manner:

c
@u

@x
¼ c±au C jcj±su (2)

To extend this to a linear constant-coef�cient hyperbolic system in
the form

@q

@t
C A

@q

@x
D 0 (3)

where A is the � ux Jacobianmatrix,we � rst diagonalizethe system,
giving

@w

@t
C 3

@w

@x
D 0 (4)

where w D X ¡1q , 3 D X¡1 AX , and X is the matrix of right eigen-
vectors. From this it is clear that the spatial operator should be
applied as follows:

3
@w

@ x
¼ 3±aw C j3j±sw (5)

based on Eq. (2). Premultiplying by X and replacing w with X¡1q
gives

A
@q

@x
¼ A±aq C jAj±sq (6)

where jAj D X j3jX ¡1. Thus, the symmetric component of the op-
erator is multiplied by the matrix jAj; hence, the designationmatrix
dissipation. The scalar dissipation scheme is obtained by approxi-
mating jAj by the spectral radius of A, thus reducing the computa-
tional expense of the scheme.

Details of the present implementation of the matrix dissipation
scheme, which is based on the work of Swanson and Turkel,5 are
given in Ref. 7. Near stagnationpoints and sonic points, some of the
eigenvaluesof the � ux Jacobians approach zero. To avoid the prob-
lems this may introduce, the eigenvalues are modi� ed as follows:

Q̧
1; Q̧

2 D max.¸1;2; Vl ¾ /; Q̧
3 D max.¸3; Vn¾ /

(7)
Q̧

4 D max.¸4; Vn¾/

Here ¾ is the spectral radiusof the � ux Jacobian,¸1;2 are the convec-
tive eigenvalues, and ¸3;4 are the eigenvalues containing the sound

speed. The values of Vl and Vn used are discussed further subse-
quently.When Vl D Vn D 1:0, the scalar arti� cial dissipationscheme
is obtained.

Cell Reynolds Number Scaling
The cell Reynolds number Re1 provides a measure of the de-

gree to which viscous effects are resolved. In regions where the
cell Reynolds number is small, viscous effects are well resolved
and, thus, the need for arti� cial dissipation is reduced. Hence, the
cell Reynolds number provides a suitable parameter to scale the
scalar arti� cial dissipation coef� cient. In contrast to other scaling
parameters, such as vorticity, which sense regions where viscous
effects are signi� cant, the cell Reynolds number incorporates the
grid resolution as well.

The present scaling is given as a smooth function of the cell
Reynolds number between an upper and lower limit. For cell
Reynolds numbers above the upper limit, the full scalar coef� cient
is used. Below the lower limit, the arti� cial dissipation is switched
off. We have used a lower limit rl equal to 10 and an upper limit ru

equal to 1000. No scaling is applied in the streamwise » direction.
The following scaling is used in the normal ´ direction:

Á j;k D
0 Re1 · rl

1 Re1 ¸ ru

f .Re1/ rl · Re1 · ru

(8)

with

Re1 D
½

p
u2 C v2±n

¹ C ¹t
Re1; ±n D J ¡1 » 2

x C » 2
y (9)

where Re1 is the freestreamReynolds number, which is introduced
because the physical quantitieshave been nondimensionalized,and
¹t is the turbulenteddy viscosity.The Jacobian J ¡1 and the metrics
»x and »y arise from the transformation to generalized curvilinear
coordinates. The function f .Re1/ is given by

f .Re1/ D a1 C a2Re1 C a3Re2
1 C a4Re3

1
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Results and Discussion
To compare the arti� cial dissipation options, three � ows over

the NACA 0012 airfoil are examined using three different grids.
The conditions for the � ow cases are as follows: 1) M1 D 0:16,
® D 0 deg, Re D 2:88 £ 106, transition at 0.43 chords on both sur-
faces; 2) M1 D 0:16, ® D 6 deg, Re D 2:88£ 106 , transition at 0.05
and 0.8 chords on the upper and lower surfaces, respectively; and
3) M1 D 0:7, ® D 3:0 deg, Re D 9 £ 106 , transition at 0.05 chords
on both surfaces.

All of the grids have a C topology. The grid designated A7B has
249 points in the streamwise direction with 97 points in the normal
directionfor a total of roughly25,000grid points.There are 201 grid
points on the airfoil surface and 25 points along the wake cut. Points
are clustered in the streamwise direction at the leading and trailing
edges with a spacing of 0.0002 chords. The normal spacing to the
� rst grid line off of the surface is 2 £ 10¡7 chords. The distance
to the outer boundary is 12 chords. The grid designated N7B is a
249£ 49 grid, i.e., roughly12,500 nodes,with the same streamwise
point distributionand off-wall spacingas grid A7B. Finally, the grid
designated N6B has the same parameters as grid N7B except that
the off-wall spacing is roughly 2 £ 10¡6 chords.

These � ows were studied in Refs. 9 and 10. Based on the data
presented in the latter, in which grid studies were performed us-
ing grids with over 200,000 nodes, we obtain estimates of the
grid-independent values of the drag components and the lift (for
the present turbulence model and outer boundary location). These
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Table 1 Grid study for case 1a

Grid Dissipation %Cd %Cdp %Cd f

A7B Matrix 0.0 0.0 0.0
A7B Re4 0.1 2.6 ¡0.3
A7B Scalar 3.6 6.3 3.0
N7B Matrix ¡3.9 3.2 ¡5.1
N7B Re4 ¡5.1 18.2 ¡8.8
N7B Scalar 14.2 41.4 10.0
N6B Matrix ¡2.5 0.6 ¡2.9
N6B Re4 ¡3.4 11.6 ¡5.8
N6B Scalar 42.0 41.3 43.9

aGrid-independent Cd D 0:00579, Cdp D 0:00080, and Cd f D
0:00499.

Table 2 Grid study for case 2a

Grid Dissipation %Cl %Cd %Cdp %Cd f

A7B Matrix 0.4 5.6 17.2 ¡0.2
A7B Re4 0.5 5.1 16.6 ¡0.6
A7B Scalar ¡0.3 8.8 18.8 3.2
N7B Matrix ¡1.2 16.9 62.1 ¡5.4
N7B Re4 ¡1.3 15.8 63.9 ¡7.9
N7B Scalar ¡0.8 30.1 75.4 7.4
N6B Matrix ¡0.9 13.9 47.8 ¡2.8
N6B Re4 ¡0.6 12.8 48.2 ¡4.6
N6B Scalar ¡1.2 47.4 59.2 41.6

aGrid-independent Cl D 0:6620, Cd D 0:00787, Cd p D 0:00260,
and Cd f D 0:00527.

values,whichare givenin Tables1–3, are used to estimatenumerical
errors.

As shown in Ref. 7, the different arti� cial dissipation schemes
have little effect on the convergence rate. However, the matrix
scheme leads to a 15–20% increase in computing time per itera-
tion, whereas the Re1 scalingrequiresonly a 1% increasecompared
with the scalar scheme. To be cost effective, the matrix scheme must
require signi� cantly fewer grid nodes to achieve a given level of ac-
curacy.

Table1 shows thenumericalerrors in dragobtainedfor case1.The
entries show the percent difference in the drag coef� cient Cd , the
pressure drag componentCdp , and the friction drag componentCd f

fromtheestimatedgrid-independentresultgivenin the footnote.The
matrix dissipation results shown were computed with Vn D Vl D 0.
Both matrix dissipationand Re1 scaling lead to a marked reduction
in error. This is especially evident on the coarser grids, N7B and
N6B, on which the scalar dissipation scheme produces very large
errors. The use of an off-wall spacing on the order of 2 £ 10¡7

(which produces a yC value much less than unity) is not common.
However, the error in friction drag produced with the scalar dissi-
pation scheme is substantially reduced using the smaller off-wall
spacing. For the matrix scheme and the Re1 scaling, the errors ob-
tained on grid N6B are smaller than those on grid N7B. On the basis
of this case, for which frictiondrag is the dominant component,one
would de� nitely conclude that the matrix scheme is cost effective
relative to the scalar scheme and that the Re1 scaling is a promising
option.

Table 2 shows the estimates of the numerical errors in lift, drag,
and the individual drag components for case 2. Numerical errors in
lift are small. Errors in drag are much larger. Matrix dissipationand
Re1 scaling consistently produce a reduction in friction drag error
with a smaller reduction in pressure drag error. This is especially
striking on grid N6B. However, the reduction in total drag error is
not nearly as great as in case 1, primarily because the reduction in
pressure drag error is small. Comparing the matrix scheme’s result
on grid N6B with that of the scalar scheme on grid N7B, the drag
error is reduced by about 50%. On grid A7B, the reduction is about
35%. On grid A7B, it appears that the second-ordertruncationerror
is more important than the arti� cial dissipation for this case.

Errors for case 3 are tabulated in Table 3. For transonic cases,
the convergence history can be quite dependent on the values of
Vn and Vl . The results shown were computed using Vl D 0:025 and

Table 3 Grid study for case 3a

Grid Dissipation %Cl %Cd %Cdp %Cd f

A7B Matrix ¡0.08 1.2 3.0 ¡2.0
A7B Re4 ¡1.0 1.5 3.6 ¡2.0
A7B Scalar ¡0.8 0.8 2.3 ¡1.8
N7B Matrix ¡1.4 4.1 9.3 ¡4.6
N7B Re4 ¡1.4 4.0 9.5 ¡5.4
N7B Scalar ¡2.1 4.5 9.1 ¡3.4
N6B Matrix ¡1.2 3.4 6.6 ¡2.0
N6B Re4 ¡1.4 5.3 9.8 ¡2.5
N6B Scalar ¡2.0 11.0 7.0 18.2

aGrid-independent Cl D 0:509, Cd D 0:01353, Cdp D 0:00853, and
Cd f D 0:00500.

Vn D 0:25. For this case, the pressuredrag exceeds the friction drag,
primarily as a result of the shock wave. The improved dissipation
schemes provide very little error reduction. It is possible that the
error is largely associatedwith the � rst-orderdissipationadded near
the shock wave and, thus, the numerical dissipation in boundary
layers is not an important factor.

Conclusions
We have compared the scalar and matrix arti� cial dissipation

schemes and a new scaling of the scalar scheme based on the cell
Reynolds number in terms of their ability to predict airfoil lift and
drag coef� cients. Both the matrix dissipation scheme and the cell
Reynolds number scaling reduce errors, especially in friction drag
and boundary-layer velocity pro� les. Although not demonstrated
here, the matrix scheme is particularly effective for laminar � ows
and, hence, should be used if laminar–turbulent transition is to be
predicted based on boundary-layer velocity pro� les. However, the
impact on the global errors is case dependent. For cases in which
the pressure drag is the major component, including high-lift cases
and caseswith strong shocks, the error reductionassociatedwith the
matrix dissipation scheme and the cell Reynolds number scaling is
fairly small. The possibility of combining the matrix scheme with
the cell Reynolds number scaling should be considered.
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